2 n + d(n) n /(n+2)(n+1) ≥ n + d(n − 1) + 4 n +(n 2 +3n)(d(n)−d(n−1))/2.
Fix non-negative integers d, x, y such that d ≥ d(n).
Let Z ⊂ P n , n ≥ 5, be a general union of x triple points and y double points. Here we prove that either h 1 (P n , I Z (d)) = 0 (case (n + 2)(n + 1)x/2 + (n + 1)y ≤ , where n := dim(A). We will say that {2P, A} (resp. {3P, A}) is a double (resp. triple) point of A. We will often write mP instead of {mP, P n }. In section §2 we will prove the following asymptotic result.
Theorem 1. Set d(4) := 8. For all integers n ≥ 5 define the integers d(n) in the following way. We take as d(n) the first integer
, be a general union of x triple points and y double points. Then either
2. Proof of Theorem 1.
Lemma 1. Fix non-negative integers
Proof. Taking b := b + f and f := 0 we reduce to the case f = 0. Since b ≤ (m + 2)(m + 1)/2 − 1, it is sufficient to prove that if x is a noon-negative integer and (m+2)(m+1)x/2 ≤ m+d m
Proof of Theorem 1. We fix a hyperplane H ⊂ P n and general 
We degenerate Res H (Z ) to a general union A of y double points, x−a 1 −b 1 −a 2 −b 2 triple points, a 1 double points with support on H and b 1 schemes with length (n + 1)n/2 + n supported by the points P i , 1 ≤ i ≤ b 1 , and with type (n(n+1)/2, n) with respect to H, a 2 triple points with support on H and b 2 virtual schemes obtained applying the Differential Horace Lemmaat
it is sufficient to prove h
, Remark 2). We will first check that h 
Remark 2). And so on defining the integers
At this point we start to use the double points, just applying the Differential Horace lemma with respect to the sequence (1, n), until we arrive at the degree d(n − 1).
(b) Assume that in part (a) we stopped (both using triple points and double points) at a degree y ≥ d(n − 1) for which there was a scheme E for which we needed to prove h 1 (P n , I E (y)) = 0. E was a general union of a triple points, b double points, c double points with support on H, e length (n 2 + 3n)/2 schemes supported by points of H and of type ((n + 1)n/2, n) with respect to H and f double points of H. Set η := length(E ∩ H), a := min{a, 2(
We degenerate E to a general union F of a − a triple points, b − b double points, a triple points with support on H, c + b double points with support on H, e length (n 2 + 3n)/2 schemes supported by points of H and of type ((n + 1)n/2, n) with respect to H and f double points of H. Hence length(F ∩ H) = η + (n + 1)na /2 + nb . We stopped at the degree y ≥ d(n − 1) + 4 if and only if one of the following numerical conditions occurred:
In all cases the assumption y ≥ d(n − 1) and the inductive assumption give
In case (i) we immediately get h 1 (P n , I F (y)) = 0. Now assume that we are in case (ii). In this case v ≤ n − 1 and hence F 2 is a general union of at most n general double points and a points of H. By [5] , Remark 2, and the Alexander-Hirschowitz theorem again we get h
. Now assume that we are in case (iii). Here F 2 is a general union of a − a triple points and a points of H. We degenerate the union of the unreduced components of F 2 so that each connected component is supported by a point of H. Since a − a < v ≤ (n 2 + 3n)/2, we have (
. Hence we may apply the inductive assumption. Now assume that we are in case (iv). Since b < b, we have v < n. We conclude as in case (iii).
(c) We assumed 2
. This means that the sum of the general points of H we deleted at each step (plus the the assumption | | ≤ n) assure us that we came to an empty scheme before we came (d) Here we assume −n ≤ ≤ 0. We degenerate Z to a general union Z of x − a 1 − b 1 triple points, y double points and b 1 virtual schemes obtained applying the Differential Horace Lemma ( [5] , Remark 1) at (P i , H), 
